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Abstract
In this paper we generalize Holland–Walsh’s characterization of the Bloch space and Stroethoff’s char-
acterization of the little Bloch space on the unit disk to α-Bloch spaces and little α-Bloch spaces on the unit
ball of Cn for 0 < α  2.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let Bn be the unit ball in Cn. For any analytic function f on Bn, the gradient of f is given by
the following:
∇f (z) =
(
∂f
∂z1
,
∂f
∂z2
, . . . ,
∂f
∂zn
)
.
Let 0 < α < ∞. The Bloch-type space, or α-Bloch space, denoted by Bα , is the space of all
analytic functions f on Bn satisfying
‖f ‖Bα = sup
z∈Bn
(
1 − |z|2)α∣∣∇f (z)∣∣< ∞.
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satisfying
lim|z|→1
(
1 − |z|2)α∣∣∇f (z)∣∣= 0.
As α = 1, the α-Bloch space and little α-Bloch space are the Bloch space B and little Bloch
space B0. The Bloch space on the unit disk has been extensively studied. The Bloch space on
the unit ball of Cn was introduced by Timoney [5]. We refer to [6] for the general theory for the
Bloch space and the α-Bloch spaces on the unit ball in Cn. The purpose of this note is to give a
generalization of the following characterization of B.
Theorem A. An analytic function f on Bn is in B if and only if
sup
z,w∈Bn, z =w
(
1 − |z|2)1/2(1 − |w|2)1/2 |f (z) − f (w)||z − w| < ∞.
This result was first given by Holland and Walsh for the unit disk in [1]. Later Stroethoff
gave an elementary proof in [4]. Nowak [2] first generalized it to the unit ball in Cn with the
term |w − Pwz − swQwz| instead of |z − w|, where Pw is the orthogonal projection of Cn
onto the subspace W spanned by w, Qw = I −Pw is the orthogonal projection to the orthogonal
compliment of W , and sw = (1−|w|2)1/2. The form in Theorem A was given by Ren and Tu [3].
We will generalize this theorem in two directions. Firstly, we will show that the powers 1/2
for the terms (1 − |z|2) and (1 − |w|2) can be replaced by any pair λ and 1 − λ, where λ is
a number between 0 and 1. Secondly, we will generalize the result to the α-Bloch space Bα
for 0 < α  2. The corresponding result for the little α-Bloch space will be also given, which
generalizes Stroethoff’s result for the little Bloch space on the unit disk in [4]. We will also show
that our results cannot be improved to the case α > 2.
2. Main results
We need the following lemma.
Lemma 1. Let 0 < α  2. Let λ be any real number satisfying the following properties:
(1) 0 λ α if 0 < α < 1;
(2) 0 < λ < 1 if α = 1;
(3) α − 1 λ 1 if 1 < α  2.
Let
H(x,y) = x
λyα−λ
y − x
y∫
x
dτ
τα
.
Then there is a constant C > 0 such that
H(x,y) C (1)
for any x and y satisfying 0 < x,y < ∞ and x = y.
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Then 0 < t < 1, and
H(x,y) = t
λyλyα−λ
y − ty
y∫
ty
dτ
τα
= t
λyα
(1 − t)y
y∫
ty
dτ
τα
.
Let s = τ/y, we get
H(x,y) = H(t) = t
λ
1 − t
1∫
t
ds
sα
.
Obviously, H(t) is a continuous function on (0,1). It is an easy exercise to get the following
limits:
lim
t→1−
H(t) = 1
for all three cases in the lemma;
lim
t→0+
H(t) = 1
1 − α
for 0 < α < 1, λ = 0; and
lim
t→0+
H(t) = 1
α − 1
for 1 < α  2, λ = α − 1. For all other cases in the lemma we have
lim
t→0+
H(t) = 0.
Thus there is a constant C > 0 such that H(t) C for any 0 < t < 1. Therefore (1) is true, and
the proof is complete. 
Theorem 2. Let 0 < α  2. Let λ be any real number satisfying the following properties:
(1) 0 λ α if 0 < α < 1;
(2) 0 < λ < 1 if α = 1;
(3) α − 1 λ 1 if 1 < α  2.
Then an analytic function f on Bn is in Bα if and only if
Sλ(f ) := sup
z,w∈Bn, z =w
(
1 − |z|2)λ(1 − |w|2)α−λ |f (z) − f (w)||z − w| < ∞. (2)
Moreover, for any α and λ satisfying the above conditions two seminorms supz∈Bn(1 − |z|2)α ×|∇f (z)| and Sλ(f ) are equivalent.
Proof. Let f ∈ Bα . By a similar proof to the one for Theorem 2.2 in [3], there is a constant
C > 0 such that
|f (z) − f (w)|
|z − w|  C‖f ‖Bα
1∫ 1
(1 − |tz + (1 − t)w|2)α0
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1 − ∣∣tz + (1 − t)w∣∣2  1 − ∣∣tz + (1 − t)w∣∣ 1 − |w| + (|w| − |z|)t,
we get
|f (z) − f (w)|
|z − w| C‖f ‖Bα
1∫
0
1
(1 − |w| + (|w| − |z|)t)α dt. (3)
If |z| = |w| then
|f (z) − f (w)|
|z − w| C‖f ‖Bα
1∫
0
1
(1 − |w|)α dt 
C‖f ‖Bα
(1 − |z|2)λ(1 − |w|2)α−λ . (4)
Now suppose |z| = |w|. Let τ = 1 − |w| + (|w| − |z|)t . Then the integral in (3) becomes,
1
(1 − |z|) − (1 − |w|)
1−|z|∫
1−|w|
1
τα
dτ.
By Lemma 1, there is a constant C > 0 such that this integral is dominated by
C
(1 − |z|)λ(1 − |w|)α−λ .
Combining with (4) we get that whenever z = w,
|f (z) − f (w)|
|z − w| 
C‖f ‖Bα
(1 − |z|2)λ(1 − |w|2)α−λ .
Thus (2) holds.
Conversely, suppose an analytic function f on Bn satisfies (2). We will show that f ∈ Bα . We
follow the proof of [3]. Regard Bn = B as the unit ball in R2n. For any a ∈ R2n, denote by ϕa the
Möbius transformation in the real unit ball in R2n which interchanges 0 and a. For 0 < δ < 1, let
E(a, δ) = {x ∈ B: ∣∣ϕa(x)∣∣< δ}
and
B(a, δ) = {x ∈ B: |x − a| < δ}.
Let
dτ(z) = (1 − |z|2)−2n dv(z),
where dv(z) is the normalized volume measure on B. By the proof of Lemma 1 in [3], we have
(
1 − |z|2)∣∣∇f (z)∣∣ C
∫
B(z, δ2 (1−|z|2))
∣∣f (w)∣∣dτ(w).
It is obvious that for any w ∈ B(z, δ2 (1 − |z|2)), 1 − |w|2 ≈ 1 − |z|2. Thus we have
(
1 − |z|2)α∣∣∇f (z)∣∣ C(1 − |z|2)λ− 12
∫
B(z, δ (1−|z|2))
(
1 − |w|2)α−λ− 12 ∣∣f (w)∣∣dτ(w).2
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we get
(
1 − |z|2)α∣∣∇f (z)∣∣ C(1 − |z|2)λ− 12
∫
E(z,δ)
(
1 − |w|2)α−λ− 12 ∣∣f (w) − f (z)∣∣dτ(w).
Since τ(E(z, δ)) is independent of z (see [3]), the right-hand side of the above inequality is
dominated by
C sup
w∈E(z,δ)
(
1 − |z|2)λ− 12 (1 − |w|2)α−λ− 12 ∣∣f (w) − f (z)∣∣. (5)
Since for any w ∈ E(z, δ) we have
(1 − |z|2)1/2(1 − |w|2)1/2
|z − w| 
(1 − δ2)1/2
δ
(see [3, (3.5)]), we get that (5) is bounded above by
C sup
w∈E(z,δ)
(
1 − |z|2)λ(1 − |w|2)α−λ |f (z) − f (w)||z − w| ,
which is obviously dominated by a multiple of Sλ(f ). Thus f ∈ Bα . From the proof it is clear that
two seminorms supz∈Bn(1−|z|2)α|∇f (z)| and Sλ(f ) are equivalent. The proof is complete. 
In the case 0 < α < 1, taking λ = α we get the following corollary.
Corollary 3. Let 0 < α < 1. Let f be analytic on Bn. Then f ∈ Bα if and only if
Sα(f ) = sup
z,w∈Bn, z =w
(
1 − |z|2)α |f (z) − f (w)||z − w| < ∞.
Moreover, two seminorms supz∈Bn(1 − |z|2)α|∇f (z)| and Sα(f ) are equivalent.
Thus in a sense the term |∇f (z)| in the definition of Bα can be replaced by |f (z) − f (w)|/
|z − w|. We will see in Section 3 that the result in Corollary 3 is not true when α  1.
A similar result is true for the little Bloch-type spaces.
Theorem 4. Let 0 < α  2. Let λ be any real number satisfying the following properties:
(1) 0 < λ α if 0 < α < 1;
(2) 0 < λ < 1 if α = 1;
(3) α − 1 λ 1 if 1 < α  2.
Then an analytic function f on Bn is in Bα0 if and only if
lim|z|→1 supw∈Bn,w =z
(
1 − |z|2)λ(1 − |w|2)α−λ |f (z) − f (w)||z − w| = 0. (6)
The proof is almost the same as the proof of Theorem 3.2 in [3]. Thus we omit it here.
Notice that, in Theorem 4, if 0 < α < 1 then λ cannot take the value 0. Let 0 < α < 1 and
λ = α in Theorem 4 we get the following corollary.
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lim|z|→1 supw∈Bn,w =z
(
1 − |z|2)α |f (z) − f (w)||z − w| = 0.
3. Examples
In this section we will give some examples showing that the conditions on α and λ in Theo-
rem 2 cannot be improved.
Example 1. First, we show that as α = 1, λ cannot be 0 or 1. By the symmetry of the roles of z
and w, we may only consider the case λ = 0. Let ζ be a fixed point on ∂Bn. Let
fζ (z) = log 11 − 〈z, ζ 〉 .
Then
∇fζ (z) = ζ¯1 − 〈z, ζ 〉 .
Thus
sup
z∈Bn
∣∣∇fζ (z)∣∣(1 − |z|2)= sup
z∈Bn
|ζ |(1 − |z|2)
|1 − 〈z, ζ 〉| < ∞.
So fζ ∈ B. However, fζ is clearly unbounded. Thus
sup
z∈Bn
|fζ (z) − fζ (0)|
|z| = ∞.
Therefore
sup
z,w∈Bn, z =w
(
1 − |w|2) |fζ (z) − fζ (w)||z − w| = ∞.
Thus (2) is not satisfied for α = 1 and λ = 0.
Note that, this example also shows that the result in Corollary 3 is not true for the case α = 1.
Example 2. Let α > 1, we show the result in Theorem 2 cannot be improved to λ < α − 1 or
λ > 1. Again, by the symmetry of the roles of z and w, we may only consider the case λ < α−1.
For a fixed point ζ ∈ ∂Bn, let
fζ (z) =
(
1 − 〈z, ζ 〉)1−α.
Then
∇fζ (z) = (α − 1)
(
1 − 〈z, ζ 〉)−αζ¯ .
Thus it is clear that
sup
∣∣∇fζ (z)∣∣(1 − |z|2)α < ∞,z∈Bn
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sup
z∈Bn
(
1 − |z|2)λ |fζ (z) − fζ (0)||z| = supz∈Bn
(
1 − |z|2)λ |1 − (1 − 〈z, ζ 〉)α−1||z||1 − 〈z, ζ 〉|α−1 = ∞
as λ < α − 1. Thus
sup
z,w∈Bn
(
1 − |z|2)λ(1 − |w|2)α−λ |fζ (z) − fζ (w)||z − w| = ∞.
Thus (2) is not satisfied for 1 < α  2 and λ < α − 1.
This example also shows that the result in Corollary 3 is not true for α > 1.
Example 3. Theorem 2 fails for α > 2, since as α > 2, it is impossible to choose a real number λ
such that α − 1 λ 1.
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